An averaged model of a coupled-inductor boost converter using the piecewise complementarity model of the converter under sliding motions is obtained. The model takes into account the idealized voltagecurrent characteristic of passive switches (diodes) present in the converter. Because of its lower complexity, the averaged model is more suitable for control design purposes as compared with the linear complementarity systems (LCS) model of the converter. The dynamic performance of the LCS model and the averaged models of the converter are validated through computer simulations using Matlab.
Introduction
Linear complementarity systems (LCS) (see Camlibel et al. (2003) ) constitute an attractive alternative tool for modelling switching power converters (see Vasca et al. (2009) ). Some of the main advantages are: 1) it does not require prior knowledge of all topological transitions that appear in the converter, 2) a single model is enough to capture the dynamics of the converter in both continuous conduction mode (CCM) and discontinuous conduction mode (DCM), and 3) it is a useful tool for converters with a large number of switching components. Motivated by these properties, the dynamics of a coupledinductor boost converter using the LCS framework was obtained in Carrero et al. (2012) . However, one of the major challenges in LCS modelling for power converters is robust and efficient control laws design. Sessa et al. (2014) present a general framework for describing power converters in closed-loop in the LCS formalism, yielding the complete closed loop dynamics in a compact form. The diodes and ideal switches are described in LCS form. The control strategies considered are pulse width modulated (PWM) techniques and PI controllers. Those techniques were applied to the two basic dc-dc converters topologies (buck and boost) and to a Z-source converter. In Carrero et al. (2013) a cascade sliding mode-PID controller was designed for a piecewise complementarity model of a coupled-inductor boost converter. In spite of the fact that so far the mathematical formulation for using LCS models with sliding mode control has not been developed yet, both the simulation and experimental results (see Carrero et al. (2014) ) showed an excellent performance and stable tracking with the proposed control law. Sliding mode control (SMC) is a variable structure control (VSC) technique widely used in control of power electronics due to the natural switching behaviour of the converters. In addition, it is well-known for its robustness against disturbances and parameter uncertainties. The latter property makes this technique a good candidate for robust control. In the classical theory of SMC (see Utkin et al. (2009) and Sira et al. (2006) ) the derivation of a sliding mode control requires three steps. First, to define a discontinuous control law that locally forces the state trajectories to reach the sliding surface, yielding what is known as the reaching condition in the literature. Second, to design the control action necessary to maintain the sliding motion, or equivalent control. Third, to obtain the associated ideal sliding dynamics, or average dynamics. In this context, this paper focuses on obtaining an approximate average dynamics of the coupled-inductor boost converter by using the LCS model of the converter under sliding motion. This average dynamics can then be used for control purposes. Although the results presented in this paper do not constitute a formalization of the general theory for LCS under SMC, we think that they are a contribution to the design of robust control for LCS, which remains an open interesting problem.
The organization of the rest of the paper is as follows. Section 2 addresses the dynamic model of a coupled-inductor boost converter using the LCS framework. In Section 3 the control law proposed in Carrero et al. (2012) is presented, and an average dynamics based on the LCS model of the converter when sliding motions take place is obtained. Our approach is evaluated through computer simulation in Section 4, and the paper ends with some concluding remarks.
Modeling

Linear complementarity model
Let us consider the circuit of Figure 1 , where the two inductors are coupled through a mutual inductance M. We denote by x 1 and x 2 the currents through the inductors L 1 and L 2 , respectively, and by x 3 and x 4 the voltages across the capacitors C 1 and C 2 , respectively. Statements of the form 0 a⊥b 0, known as "complementarity conditions" (CC) (see Camlibel et al. (2003) , Batlle et al. (2005) ), mean that both a and b are non-negative and that if one of them is not zero, then the other one is necessarily zero. If a and b are vectors, then these conditions hold component-wise.
The LCS (see Vasca et al. (2009) ) model of this circuit is given by Carrero et al. (2013) as follows.
• S=On (v s = 0)ẋ
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and
and the complementarity variables are given by the two pairŝ
Notice that the second pair of complementarity variables in (2.2b) and (2.6b) remain the same for both positions of the switch, while the first pair in (2.2a) is the opposite of the pair in (2.6a). 
Control
Due to the complexity of control design for the LCS model of the converter presented in the above section, we propose, as a trade off, to obtain an average dynamics of the converter by using the LCS model. The main control objective is to maintain the output voltage close to a desired reference value. At the same time, this control must be carried out in the presence of load variations, voltage disturbance and limitations on the manipulated variable (duty cycle). In Carrero et al. (2013) a cascade control law was presented to achieve these goals. The general architecture of the feedback control law is shown in Figure 2 . The inner loop was based on a non-linear control strategy similar to sliding mode control, with the goal of controlling the fast dynamics of the converter (the inductors currents). The switching surface σ (x) is given by
where
and σ * is the signal reference provided by the PID controller designed for the outer loop in order to control the slow dynamics (output voltage). The rule for the switch is given by
where u represents the switch position. The attractiveness of the sliding surface was proven in Carrero et al. (2013) . Our goal is to obtain a simplified, averaged model for the inner closed loop in Figure 2 , assuming that sliding motion has been reached.
Average model
According to the control objectives, one must regulate the third and fourth components of the complementarity model (2.1) and (2.5),
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where the duty cycle d is the fraction of time in which the switch S is in the On state. This variable may be interpreted as the average of the discontinuous control law in (3.2). The dynamics of x 4 is independent of the switch position, but that of x 3 depends on the complementarity variable ω 1 and the inductor current x 1 . From the complementarity restriction in (2.2a) it follows that ω 1 = 0, since z 1 is an output voltage that must be different from zero. This means that, when computing the average dynamics of x 3 , it suffices to average x 1 in the Off state. Notice that the inductor current x 1 is equal to the current through the diode D 1 during the fraction of time that the switch is in the Off state, while the inductor current x 2 is equal to the current through the diode D 2 during the entire switching period. Using the averaging theory for hybrid systems (see Teel et al. (2010) and Pedicini et al. (2011) ), the average model of the output voltage can be written in the following forṁ
where f 1 and f 2 are averaged vector fields for the On and Off states, respectively, and where x 1 and x 2 are to be replaced by averaged values x 1 ∼ =x 1 (x 3 , x 4 ) and x 2 ∼ =x 2 (x 3 , x 4 ), given in terms of the slower variables x 3 , x 4 . We focus on the dynamical behaviour of the inductor currents when sliding motion occurs, in order to obtain its average. This behaviour is illustrated in Figure 3 . The reader is referred to Carrero et al. (2012) to explore other behaviours of the inductor currents trajectories in steady state that appear in this converter. The average value of the primary inductor current over one switching period is given by the area under its curve, which is equivalent to the area of the triangle with height i pk 1 and base length d 1 T (see Figure 3) . In a similar way, the average value of the secondary inductor current is obtained from the area of the triangle with height i pk 2 and base length (d 2 − d)T . One has
6)
The average currents through the diodes D 1 and D 2 can be expressed as the areas of the shaded triangles in Figure 3 ,ī Summing up, the averaged dynamics that describes the output voltage of the converter when the sliding surface is reached can be written asẋ
The expressions of i pk 1 , i pk 2 , d, d 1 , d 2 and T in terms of x 3 ≈x 3 and x 4 ≈x 4 and of the parameters of the circuit and of the sliding surface are derived in Appendix A.
Since the voltages across C 1 and C 2 vary slowly, we can write x 3 ≈x 3 and x 4 ≈x 4 (see Erickson et al. (2001) ). In this way, we obtain a simplified model for the inner loop in Figure 2 , which can then be used to tune the PID control of the outer loop, resulting in a simpler control design procedure.
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Simulation results
This section provides the simulation results of the linear complementarity model defined in (2.1) and (2.5) under sliding mode control and the results corresponding to the averaged model defined in (3.10). Both models were implemented using Matlab. For the LCS model the back-Euler method plus a specific solution of the linear complementarity problem (LCP) was used, while Matlab's standard solver was used for the averaged model. The nominal values of the converter parameters are V in = 12V , L 1 = 75µH, L 2 = 525µH, M = 168µH, C 1 = 22µF, C 2 = 22µF, R = 100Ω , the hysteresis thresholds are ∆ = ±29e − 8 and we are assuming that the reference of the current loop is a constant value σ * = 2.9e − 7. The initial conditions for both models are x = [0, 0, 0, 0] T andx = [15, 0] T , respectively. Figure 4 shows the computer simulation results. From the sliding surface trajectory (see Figure 4 (c)), it is evident that the existence and reaching conditions for having sliding modes are satisfied. On the other hand, as can be seen from Figure 4 (d), the trajectory from the averaged model (red curve) is quite close to the result produced by the LCS model (blue curve). This result confirms the good accuracy of the average dynamics that has been derived above.
Concluding remarks
In this paper we have addressed a very interesting challenge of deriving the averaged dynamics of a coupled-inductor boost converter through a piecewise complementarity model of the converter when sliding motion occurs. This latter model takes into account the hybrid dynamics of switching components. Even though the general mathematical formulation for LCS under sliding motion has not been developed, the approach used shows, by means of computer simulations, that the averaged dynamics yields a good approximation of the more complex LCS model of the converter when sliding motions take place. The averaged model is a 2nd order system that simplifies the control design for the coupledinductor boost converter. Even though we have not presented a general analysis for LCS under SMC, we think nevertheless that these ideas constitute a very promising starting point for the analysis of the ideal sliding trajectory in LCS. Future research work will deal with a more general analysis of the averaged dynamics for LCS and the stability analysis under sliding mode. 
A. Average currents
In order to analyse the inductor currents trajectories together with the sliding surface in Figure 3 , the switching period is divided into subintervals of time.
During the interval of time in which the switch is in the On position, one getṡ
From the sliding surface trajectory one gets that the value of the duty cycle is given by
On the other hand, because the inductor current x 2 is constant, its derivative will be zero during this subinterval. Hence, the inductor current changeẋ 1 is obtained by substitutingẋ 2 = 0 iṅ s = α 1ẋ1 + α 2ẋ2 . Equating this to (A.1) one getṡ
Thus the maximum value of the inductor current x 1 at the end of the interval of time is given by
The change of the inductors currents are obtained from the first and the second components of the vector field in (2.5), yieldingẋ 1 = m 12 = a 1 x 3 + a 2 x 4 + a 1 V in (A.5)
x 2 = m 21 = a 2 x 3 − a 3 x 4 − a 2 V in (A.6) The maximum values of the inductors currents x 1 and x 2 are given by
The derivative of the sliding surface is given bẏ
Note that the primary inductor current is constant during this subinterval. Replacingẋ 1 = 0 iṅ s = α 1ẋ1 + α 2ẋ2 = m 3 andẋ 2 by the second component of the vector field in (2.5) and solving this forω 1 one getsω
In addition, the value that takes the sliding surface at the beginning of this interval of time is obtained by replacing x 1 = 0 and x 2 = i pk 2 in (3.1). Thus one gets ∆ ′ = α 2 i pk 2 − σ * (A.11)
The switching period is given by
Solving for i pk 1 , i pk 2 , d 1 , d 2 and T from the previous equations one obtains .13) 
